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The appl icabi l i ty  of K a l m a n ' s  f i l ter  equations to the solution of inverse  boundary p rob l ems  of 
heat conduction is invest igated.  

Among the var ious  approaches  to the solution of i nco r rec t ly  s ta ted inverse  p rob l ems  of heat  conduction 
(IPHC), one can dist inguish methods unre la ted  to r e s t r i c t i o n s  of s tabi l i ty  on the quantization step of the initial 
differential  s ta tement  of the p rob lem and methods in which stabi l i ty  is achieved through a cer ta in  choice of the 
quantiz ation in te rva l s .  

The f i r s t  group [1, 2] includes a lgor i thms  based on a - p a r a m e t r i c  regu la r iza t ion  by Tikhonov 's  method 
of ex t r ema l  s ta tement  of IPHC, as well as a lgor i thms  of i te ra t ive  regu la r iza t ion .  In applicat ion to boundary 
IPHC the la t ter  includes d i rec t  approx ima te ly  analyt ical  and numer ica l  methods employing the pr inciple  of 
s tepwise regu la r iza t ion  [1]. 

The choice of the means  of solving p rac t i ca l  p rob lems  should be based  on the considera t ion of a whole 
s e r i e s  of f ac to r s  allowing for the specia l  f ea tu res  of the s ta tements  of the p rob lems ,  the complexi ty  of the 
a lgor i thms ,  the accu racy  of the r e s u l t s ,  the expendi tures  of computer  t ime,  etc.  Such an analys is  al lows one 
to br ing  out and formula te  the conditions of ra t iona l  p rac t i ca l  appl icat ion of the va r ious  methods of solving 
IPHC. Below we will d iscuss  some of these  quest ions for the solution of the inve r se  p rob lem using equations 
of dynamic f i l t rat ion,  including a compar i son  with f in i te -d i f ference  a lgor i thms  of the second group. 

Ka lman ' s  method of op t imum dynamic f i l t ra t ion [3, 4] has r ecen t ly  been used r a the r  widely for the solu-  
tion of inverse  p rob lems  of heat conduction [5, 6]. This can evidently be explained by the fact  that  this method 
provides  a sufficiently economica l  r e c u r r e n t  scheme  of solution of a p rob lem,  when one success ive ly  d e t e r -  
mines  the cu r ren t  e s t ima te s  of the s ta te  and p a r a m e t e r s  of a t h e r m a l  model ,  doing so with al lowance for r andom 
e r r o r s  at the input to the s y s t e m  and in the m e a s u r e m e n t s .  Moreover ,  the f i l ter  p o s s e s s e s  a definite in te r fe rence  
protect ion.  The or iginal  f o rm of Ka l m an ' s  f i l te r  does not d i rec t ly  genera te  r egu la r i z ion  a lgor i thms ,  however .  
There fo re ,  it is in teres t ing  to invest igate  the poss ib i l i ty  of obtaining stable r e s u l t s  using an a lgor i thm of opt i -  
mum dynamic f i l t ra t ion based on the  well-known p rope r ty  of s tepwise  r egu la r i za t ion .  The p resen t  r e p o r t  is 
devoted to just  this  question in applicat ion to the solution of inve r se  boundary p rob l ems  of heat conduction. 

The numer ica l  solution of IPHC impl ies  the approximat ion  of the heat-conduct ion equation by a difference 
analog, in which case  the working s tabi l i ty  of the a lgor i thm of dynamic f i l t ra t ion s t a r t s  to depend significantly 
on the approximat ion p a r a m e t e r s .  The step AFo = aA~'/b 2 in the Four i e r  number  can serve  as the p a r a m e t e r  
on which the stabil i ty of a lgor i thms  used for the solution of boundary IPHC depends.  One can a s sume  that  for 
a dynamic f i l t ra t ion a lgor i thm there  is some c r i t i ca l  value AFoer  of step,  and for sma l l e r  s teps  (AFo < LXFOcr) 
the dis tor t ing influence of the instabi l i ty  p r o p e r t i e s  of the p rob lem will show up. We set  the goal of ver i fy ing 
this hypothesis ,  using the method of p rac t i ca l  ana lys i s  of c o r r e c t n e s s ,  and finding e s t ima te s  of AFocr for  a 
sufficiently popular  s ta tement  of IPHC in p rac t i ce .  

Let the t e m p e r a t u r e  at one boundary of a one-d imens iona l  body be r econs t ruc t ed  f rom t e m p e r a t u r e  m e a -  
su remen t s  at the opposi te ,  t he rma l ly  insulated boundary.  For  this p rob lem we adopt the ma themat i ca l  model 

OT OZT 
- - a  - - ,  O ~ < T , n ,  O < x ~ b ,  (1) 

0"~ Ox 2 

T (x, 0 ) = 0 ,  O ~ x ~ b; (2) 

T ( b , ~ ) = ~ ( %  a r ( b , ~ )  _ 0 , 0 ~ m ,  
Ox (3) 
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u n d e r  the  a s s u m p t i o n  tha t  the  i n i t i a l  d i s t r i b u t i o n  (2) and  the C a u c h y  c o n d i t i o n s  (3) and c o n s i s t e n t  wi th  each  o t h e r .  
I t  is  r e q u i r e d  to  r e c o n s t r u c t  the  t e m p e r a t u r e  T(0, ~-) f r o m  m e a s u r e m e n t s  of  the  t e m p e r a t u r e  T(b, ~-). We wi l l  
t ake  the  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of  t he  body a s  e x a c t l y  known.  

We r e p l a c e  the  d i f f e r e n t i a l  s t a t e m e n t  of  t he  c o r r e s p o n d i n g  d i r e c t  p r o b l e m  by an a p p r o x i m a t e  d i f f e r e n c e  
ana log  c o r r e s p o n d i n g  to an i m p l i c i t  s c h e m e  of  a p p r o x i m a t i o n  of  the  h e a t - c o n d u c t i o n  equa t ion  (1), 

.v]+l __2T~+I + . i + 1  , i = 2, 3 . . . . .  N - -  I, 
T~ +l - -  T/ __ a "~-1 "T]"~I 

AT Ax z (4) 

wi th  d i s c r e t e  b o u n d a r y  c o n d i t i o n s  

] = 1 , 2  . . . . .  M, 

T~v +'  - -  T~ _ 2a T~+ll - -  TIN+1 
TiN +'  = q~ (AT (j -}- 1)), A~ Ax z 

w h e r e  A~- = T m / M  and A x  = b / N  a r e  the  s t e p s  of  the  g r i d  in t i m e  and in s p a c e .  In v e c t o r  no ta t ion  the  f i n i t e -  
d i m e n s i o n a l  m o d e l  of the  p r o b l e m  h a s  the  f o r m  

r  : ~:, (5) 

w h e r e  �9 i s  a t h r e e - d i a g o n a l  m a t r i x  of  s i z e  N x N; ~" i s  the  v e c t o r  o f  t e m p e r a t u r e s  at  nodes  of  the  g r i d .  

N u m e r i c a l  s o l u t i o n s  of  the  d i r e c t  p r o b l e m  in the  r a n g e  of  A F o  = 0 .1-0 .0001 w e r e  p r e l i m i n a r i l y  i n v e s t i g a t e d  
to d e t e r m i n e  the  i n f luence  of  the  a p p r o x i m a t i o n  p a r a m e t e r s  on the c o n v e r g e n c e  of  the  r e s u l t s .  T h e s e  c a l c u l a -  
t i o n s  w e r e  m a d e  fo r  the  c a s e  when the  unknown func t ion  was  a s s i g n e d  in the  f o r m  T(0, T) = s in  (~r~-/~- m) and 
M = 20. F o r  a c o n s t a n t  A F o  the  n u m e r i c a l  so lu t i on  of  the  d i r e c t  p r o b l e m  d e p e n d s  only  on the  n u m b e r  of  nodes  
o v e r  the  s p a t i a l  c o o r d i n a t e ,  s i n c e  

aA~ aAx 
hx a (b/N) 2 

- -  - -  h F o  N 2 = S ,  (6) 

i . e . ,  the  f o r m  and o r d e r  of the  t h r e e - d i a g o n a l  m a t r i x  �9 a r e  c o n s e r v e d  for  cons t an t  v a l u e s  of AFo  and N. The 
r e s u l t s  of  the  c a l c u l a t i o n s  for  d i f f e r e n t  A F o  and N a r e  p r e s e n t e d  in F i g .  1. 

To c o m p a r e  the  r e s u l t s  of s o l u t i o n s  at  two a d j a c e n t  g r i d s ,  we c h o s e  the  m e t r i c  

T M 1 TN +,I 
6(T(N~), T (N .+I ) )=  T~ .  ' 

w h e r e  N n is  the n u m b e r  of nodes  o v e r  the  s p a t i a l  c o o r d i n a t e  fo r  the  n - t h  g r i d ;  n is  the  s e r i a l  n u m b e r  of the  
g r i d .  

The r e s u l t s  of the  c o m p a r i s o n  of  s o l u t i o n s  in t h i s  m a t r i x  a r e  p r e s e n t e d  in F i g .  2a .  In F i g .  2b we show 
the  r e s u l t s  of  a c o m p a r i s o n  of  s o l u t i o n s  u s i n g  a d e v i a t i o n  of  the  type  

(7) 

6" (T(N,~), T(Nn+,)) = 
6(T(N,~), T(N,~+I)) 

(8) 

w h e r e  S n = A F o N  2.  

I t  i s  s e e n  f r o m  F ig .  2a tha t  wi th  an i n c r e a s e  in N the  s o l u t i o n s  a l m o s t  c e a s e t o  d i f f e r  f r o m  each  o the r :  
A F o  ~ 1 0  -I  for  N _> 15, A F o  ~ 10 -2 fo r  N _> 50, A F o  ~ 10 -3 fo r  N -> 200, and A F o  ~-. 10 -4 for  N _> 800. F r o m  t h i s ,  
one can c a l c u l a t e  the  r e q u i r e d  n u m b e r  of s u b d i v i s i o n s  o v e r  the  s p a t i a l  c o o r d i n a t e s .  I f  a s m a l l e r  N i s  chosen ,  
then  t h e r e  i s  an a c t u a l  i n c r e a s e  in  A F o .  F o r  e x a m p l e ,  in so lv ing  the d i r e c t  p r o b l e m  l a r g e r  v a l u e s  of the  t e m -  
p e r a t u r e  T ~  w e r e  o b t a i n e d  fo r  A F o  = 10 -4 and  N = 5 than  fo r  A F o  = 10 -3 and N = 20. 

In so lv ing  IPHC by K a l m a n ' s  f i l t r a t i o n  m e t h o d  we u s e d  the  equa t i ons  

~ L + 1 =  T~, (9) 

K = Pi--+1HT (HP i + 1 -  I'I T %" r) -1, (11) 
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Fig.  1. Resul ts  of solution of the d i r ec t  p r o -  
b lem of heat conduction: a) AFo = 10-1; 1) q~(~); 
2) TN(?); N = 5; 3) 25; b) AFo = 10-3; 4) 20; 5) 
100; 6) 284. 
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Fig. 2. Resul ts  of the compar i son  of solutions on di f ferent  gr ids :  1, 5) 
AFo = 10-1; 2, 6) 10-2; 3, 7) 10-3; 4, 8) 10 -4. 
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Fig. 3. Resul ts  of solution of the i nve r se  

p rob l em of heat  conduction by K a l m a n ' s  
f i l t ra t ion method: 1) q~(7); 2) AFo = 10-2; 
3) i0 -~. 

~i++, TI+' + K (~(A'~(I + 1))--HT~'), 
v~ ,  (~r- KH) P~', 

(12) 
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where T t+1 and T ~ '  are  the a p r io r i  and a pos te r ior i  es t imates  of the t empera tu re  vector  at the (j + 1)- 
th moment;  P ~ I  and P ~ ,  a p r io r i  and a pos te r ior i  values of the covariat ion mat r ix  of e r r o r s  of the 
es t imates ;  r ,  d ispers ion of the measu remen t  e r r o r s ;  E, a unit matrix;  K, amplification ra t io  of the fil ter;  H, 
matr ix  of the measu remen t  vec tor ,  in the given case H = (0, 0 , . . . ,  0, 1), with a dimensionali ty (1 • N); cp(Al-(j + 
1)) are  the resu l t s  of the m e a s u r e m e n t s  obtained at the (j + 1)-th moment.  

In the algori thm developed for the solution of IPHC the mat r ix  �9 was not inverted,  but the a pr ior i  values 
of the t empera tu re  vec tor  T ~  ~ and the covaria t ion matr ix  p ~ i  were obtained f rom Eqs. (9) and (10) by 
the t r i a l - run  method. In o r d e r  that,  in est imating the boundary t empera tu re  T(0, ~-) of the body, the t e m p e r a -  
ture  TI follow its variat ion,  in the fi l ter  equations one must  maintain the amplification rat io at a high enough 
level, which was achieved by mult iplying the elements  along the diagonal of the matr ix  p~1 by some exper i -  
mentally determined number.  

The resu l t s  of the calculation of the d i rec t  problem served as the initial data for the solution of the in- 
ve rse  problem. The initial data were  not distorted art i f icial ly,  and only computer  rounding e r r o r s  were 
present .  In the calculation on an ES-1033 computer  with an ordinary  degree of accuracy  seven significant 
figxtres were re ta ined in the man t i s sa  of  the number,  i.e., the rounding e r r o r s  have the o rder  of 0.000001%. 
The calculat ions showed that under  these conditions for AFo -< 10 -3 the graphs of the solution of the IPHC 
acquire  an osc i l l a to ry  form,  with the osci l la t ions  increas ing as AFo decreases  (Fig. 3). For AFo _> 10 -2 under 
the same conditions the solution of the inverse  problem of heat conduction coincides sufficiently well with the 
r e fe rence  solution (Fig. 3). 

The following conclusions can be drawn f rom the resu l t s  of this work. 

1. The method of solving IPHC based on dynamic fi l tration equations with small values of AFo leads to 
osci l lat ing solutions far  f rom the solution being sought. 

2. By applying the method of stepwise regular iza t ion one can obtain stable and sufficiently prec ise  resu l t s  
if the choice of the t ime interval  f rom the condition of the requi red  smoothness  of the solution (AFo >AFoc r )  
is not at var iance  with the choice of this step f rom the condition of obtaining the fine s t ructura l  features of the 
function being recons t ruc ted .  

3. It is appropr ia te  to use the method of dynamic fi l tration to solve IPHC for AFo >_ 10 -2. In comparing 
the cr i t ical  values of the step AFOcr obtained in this analysis  for the method of solving IPHC using Kalman ' s  
fi l ter and the values of AFoer  corresponding to direct  numerical  methods of solving the inverse problem [1] 
one can conclude that at this level the f i l t rat ion method has no special  advantage s over the s impler  and more  
economical  determinate  numer ica l  methods.  Thus, for a difference algori thm for recons t ruc t ing  the heat flux 
density based on an implici t  scheme of approximation of the inverse boundary problem, an est imate  of the 
cr i t ical  step gives AFoq r --- 10 -2 [7], while with a t ransi t ion to the problem of recons t ruc t ing  the surface t e m -  
pera ture  of the body, analogous to that considered above, the cr i t ical  step for this scheme is decreased  by two 
to three  t imes  more  compared  with the es t imate  presented for A F o q r .  

4. In the solution of IPHC the choice of the quantization step along the spatial coordinate must be made 
consistent  with the value of AFo. 

It must  also be mentioned that  the quantity AFOcr inc reases  upon the art i f icial  introduction of fluctuational 
e r r o r s  into the values of the function r The question of the connection between the cr i t ical  step and the 
magnitude and form of the e r r o r s  in the initial data r equ i re s  a separate analysis .  

N O T A T I O N  

Fo, Four ie r  number;  a, coefficient of  the rmal  diffusivity; T, time; AT, calculated interval of t ime 
quantization; b, distance between boundary and heat sensor ;  T, tempera ture ;  x, spatial coordinate.  
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A P P R O X I M A T E  S O L U T I O N  OF T H E  L I N E A R  H E A T  

E Q U A T I O N  IN H E T E R O G E N E O U S  M E D I A  

Y u .  V .  K a l i n o v s k i i  UDC 536.2 

The asympto t ic  V i s h i k - L y u s t e r n i k  method is used  to solve the l inea r  heat  equations in h e t e r o -  
geneous media .  

The heat  equations in heterogeneous  two-component  continuous med ium have the fo rm [1]: 

aT~ T i - -  T 2 OT~ T: - -  T l 
el -~-  + - - ~  xv2Tt' -~-  + - - x  -- ~2• (1) 

el = miyici/m2Y~c~, 82 = nh~2/ml~.t. 

Equations that  a re  analogous to s y s t e m  (1) de sc r ibe  a lso  the nons ta t ionary  f i l t ra t ion of a homogeneous liquid 
in c r ack -po rous  media  [2, 3]. We always have the condition e2 << i [1, 4]; such a condition is not n e c e s s a r y  
for e l ,  

In the solution of s y s t e m  (1), one can put e2 = 0. However ,  the solution of the degenera te  sy s t em thus 
obtained can differ cons iderably  f rom the exact  solution of the sy s t em (1) near  the boundary of the reg ion  under 
study. This d i sag reemen t  can be avoided by using the app rox ima te  V i s h i k - L y u s t e r n i k  method for the solution 
of (1) [5, 6]. We consider  the method on the example  of a one-d imens iona l  p rob l em.  In this case  we r e w r i t e  (1) as 

aT1 d2Tl OT2 d~T~ 
a~ ao ay ~ (2) 

0 = t/~, y = x / ~ u ~ .  

The initial and boundary conditions a re  fo rmula ted  as follows: 

0 = 0 :  Tt = T2 = 0, 

y = 0 :  T t = T 2 = T o = c o n s t ,  

y - + ~ :  T I = T ~ = 0 .  

According to the V i s h i k - L y u s t e r n i k  method,  the r equ i r ed  solution is  r e p r e s e n t e d  in the fo rm of two t e r m s  

T i = w i  k v i ,  i = l ,  2. 

Here  w i i s  the solution of the degenera te  s y s t e m  (2): 

aw t a2wt aw2 
ei - ~  + wi  - -  w~ = aY ~ , ao + w2 - w'  = O 

(3) 

(4) 

(5) 

with the following initial and boundary conditions: 
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